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Particle Response to Low-Reynolds-Number
Oscillation of a Fluid in Microgravity
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This works presents an experimental study on the response of a particle to the movement of the fluid in which
the particle is suspended. The stationary solution to Tchen’s equation of motion was used to design experiments
to determine the influence of the Basset history force. In the experiments, the stationary amplitude ratio and
phase difference between the fluid and the particle motion are measured in a fluid cell containing a particle that
is supported by a tether to counteract the effect of gravity. Particle and cell locations at the limits of motion are
measured with great precision by applying electronic holography. The measured particle responses closely match
the theoretical predictions for the full solution for a variety of fluid-to-particle density ratios, Reynolds numbers,
and frequencies of oscillation. The experiments reinforce the importance of the Basset history term for moderate
to high-frequency flows.

I. Introduction

T HE fundamental problem of the motion of a particle suspended
in a viscous fluid is relevant to many scientific and engineering

applications ranging from crystal growth in microgravity environ-
ments to particle dispersion in turbulent flows. The ground exper-
imental results described in this work are in support of a planned
spaceflight project, SHIVA (Spaceflight Holography Investigation
in a Virtual Apparatus), and emphasize the most current understand-
ing of the influence of history drag forces on the motion of small
particles in suspension.1 Among the various predictions that can be
made, the most recent theoretical advances have helped us design
experiments that have produced a better understanding of the signif-
icance of the most evasive term in the equation, known as the Basset
history force. The objectives of the ground-based study presented
in this paper are to compare experimental results with the stationary
solution to the particle equation of motion and to provide support to a
planned spaceflight microgravity experiment in which the equation
of motion can be fully tested under transient conditions.

This work utilized both experiment and theory to identify and
resolve critical issues to produce an optimal experiment design that
exploits microgravity for the study. We examined the response of
heavy and light particles to fluid oscillation at frequencies where the
Basset history force is one of the most predominant forces acting
on the particle. The particle sizes and velocities used corresponded
to the low particle Reynolds number (Rep < 1) and high-Strouhal–
Reynolds (S = Sl Rep) regimes. To observe some of the interesting
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effects predicted by the new solutions requires the precise location
of the position of a particle in three dimensions. To this end, we
have developed digital holography algorithms that enable particle
position location to a small fraction of a pixel in a charge-coupled-
device (CCD) array. The experiments provide a definitive, quanti-
tative observation of the Basset history force over a wide range of
experimental conditions.

II. Background
Tchen2 derived a Lagrangian equation of motion for a spherical

particle freely moving in a uniform, time-dependent background
flow as a culmination of previous work attributed to Boussinesq,3

Basset,4 and Oseen.5 Coimbra and Rangel1 recognized that Tchen’s
equation could be written in terms of fractional derivatives and used
fractional calculus to solve Tchen’s equation for a generic forcing
function that included both gravitational and fluid acceleration con-
tributions. In terms of the relative velocity w = v − u, where v and
u are the particle and fluid velocity, respectively, Tchen’s equation
is written as
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where α is the ratio of the fluid density to the particle density. The
dimensionless time t̂ is equal to the actual time divided by the vis-
cous timescale τ f given by a2/9ν, where a is the particle radius and
ν is the kinematic viscosity of the fluid. The gravitational coefficient
G is equal to (1 − α)τ f g, where g is the local gravity acceleration
(typically a negligible contribution in microgravity environments).

The first term in Eq. (1) corresponds to the relative accelera-
tion corrected by a virtual mass coefficient (α + 2)/α, which affects
all of the other terms in the equation. The third term in Eq. (1)
is proportional to the relative velocity whereas the second (half-
derivative) term has an intermediate dependence that is dynamically
proportional to both the relative velocity and acceleration. Before
the work of Coimbra and Rangel,1 the dimensionless Basset drag
(second term of the equation) had been expressed in integral form
only and thus was responsible for the integro-differential nature of
the particle equation of motion. Because integro-differential equa-
tions are typically much more difficult to treat both analytically and
numerically than ordinary differential equations, the history drag
has been neglected in the majority of past particle motion studies.
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Particle motion in oscillating flows has generated a significant
amount of research activity. One practical example of particle mo-
tion in oscillating flows is that of a crystal suspended in a fluid
subject to mechanical vibration. In harmonically oscillating flows,
neither the particle velocity nor the particle acceleration reaches a
steady-state value, and all three terms on the left side of Eq. (1)
affect the particle motion, particularly at moderate to high frequen-
cies (S ∼ 1). Coimbra and Rangel6 applied the general solution of
Tchen’s equation,1 including the initial transients and influence of
gravity, to the case of a spherical particle responding to a sinu-
soidal background flow at low Reynolds number. In the following
paragraphs, we summarize the main features of the solution when
applied to the simpler case of stationary sinusoidal motion in the ab-
sence of gravity, a case that has been studied with varying degrees of
sophistication over the past 40 years by many different authors.7−13

Coimbra et al.7 provide a more extensive review of previous works
in the area.

For our experiments, it suffices to let the background velocity of
the fluid (i.e., velocity of the fluid far away from the particle) be
represented by u = A exp(i�t), where A is the velocity amplitude
and� is the angular frequency of oscillation. In the steady-state case,
the particle responds by oscillating sinusoidally with a velocity given
by v = B exp(i�t + iφ), where B is the particle velocity amplitude
and φ represents the phase difference between the particle motion
and fluid motion. We wish to find the response coefficient η, which
is given by Eq. (2):

η ≡ (B/A) exp(iφ) (2)

To facilitate comparisons between particles of different sizes and
fluids of varying viscosity, it is useful to define a dimensionless
frequency S (Ref. 7):

S = �τ f = �a2/9ν (3)

The fluid velocity, particle velocity, and relative velocity are ex-
pressed in terms of η and S by Eqs. (4a–4c):

u = A exp(i St̂) (4a)

v = ηu (4b)

w = v − u = (η − 1)u (4c)

Substitution of expressions (4a–4c) into Eq. (1), followed by solving
for η, gives9

η(S, α) = 1 + i2S(α − 1)

i S(α + 2) + α + 3α
√

S exp(iπ/4)
(5)

The ratio of velocity amplitudes is equal to the ratio of displace-
ment amplitudes. The last term in the denominator of Eq. (5) (i.e.,
the term proportional to

√
S) is as a result of the history drag and is

the dominant term when S ≈ 1.

III. Experiments
Because the movement of a spherical particle in response to the

surrounding fluid is predicted by Eq. (5), we tested the theory by
measuring the response of the particle to the fluid motion. Specif-
ically, we measured the ratio of the particle Ap to fluid cell Ac

displacement amplitudes at different forcing frequencies. The parti-
cle and cell displacements were measured by recording two in-line
holograms at the extremes of the cell displacement. Because of the
phase difference φ between the particle motion and the fluid motion,
the measured particle displacement A′

P is equal to Ap cos φ, and the
ratio of A′

P to Ac is equal to the real component of η [Eq. (6)]:

A′
P/AC = Re(η) = |η| cos φ (6)

The investigation focused on particles in fluids oscillating at di-
mensionless frequencies S between 0.1 and 6, where the history
drag is dominant, moving at particle Reynolds numbers less than 1.

Table 1 Material properties

Material Density, g/cm3 Viscosity, cm2/s

Krytox 1.91 0.40
Krytox + DFP 1.77 0.27
Mineral oil 0.86 1.85
Polypropylene 0.91 ——
Mg alloy 1.77 ——
Brass 8.67 ——

A. Particles and Fluid Cell
The properties of the particles and fluids used in the experiment

are given in Table 1. Krytox (perfluoroalkylether) and mineral oil
were used as fluids in the experiment because they are transparent
and have low flammability, low toxicity, and high viscosity. To test
the influence of the particle-to-fluid-density ratio on particle mo-
tion, two different cases were examined: a light spherical particle
(polypropylene in Krytox, α = 2.1) and a heavy spherical particle
(brass in mineral oil, α = 0.1). To prevent the particles from floating
or sinking, 2-cm-long tethers made from 19-μm-diam copper wires
were used to anchor the particles to either the bottom or top of the
cell. A control experiment at α = 1.0 was performed using neutrally
buoyant magnesium alloy spheres suspended without tethers in a
solution of Krytox plus decafluoropentane (DFP).

In Krytox, the frequencies corresponding to S = 1 are 57.3 Hz for
a = 1-mm spheres and 14.3 Hz for a = 2-mm spheres. In mineral
oil, which is more viscous, the frequency corresponding to S = 1 is
66.2 Hz for an a = 2.0-mm sphere. The shaker used to oscillate the
fluid-filled cell is described in Ref. 14.

B. Measuring the Cell and Particle Position
The cell was illuminated using a defocused, collimated beam

from a helium–neon laser. In-line holograms of the particle and a
reference marker glued to the cell window were recorded using a
lens-less CCD camera located between 10 and 20 cm behind the
cell. A shutter in front of the laser was triggered to open for 0.8 ms
at the two extremes of a cell oscillation cycle when the cell velocity
was zero. The camera was operated in double-exposure mode and
synchronized with the shutter, resulting in two images of the cell at
the two extremes of cell motion.

The CCD camera was positioned such that a bright spot, known as
the Arago spot (also called the Poisson spot), formed in the center of
the diffracted shadows of the particle and cell reference particle.15

The Arago spot and its surrounding rings provided an excellent
noise-free, predictable light pattern. Cell and particle positions were
determined from the in-line holograms by cross correlating the holo-
grams with an analytically generated template of the Arago spot and
surrounding rings. For the region of the shadow within half a radius
of the center, the intensity I (x, y) of a pixel with coordinates (x, y)
is approximated by Eq. (7):

I (x, y) = I0 J 2
0

(
π
√

(x − x0)2 + (y − y0)2
/

σ
)

(7)

where I0 is the intensity of the center of the Poisson spot; J0 is
the zeroth-order Bessel function; x0, y0 are the coordinates of the
pattern center; and σ is the ring spacing in pixels. The ring spacing
depends upon the particle radius a, the distance between the camera
and particle z, the wavelength of light used λ, and the length of each
pixel s [Eq. (8)]:

σ = λz/2as (8)

The ring spacing of the particle was computed by locating the
brightest pixel in the center of the particle shadow, calculating the
average radial intensity distribution I (r) centered on this pixel, then
using the Levenberg–Marquardt method to find the best fit of Eq. (7)
to the radial intensity distribution with I0 and σ as adjustable param-
eters (Fig. 1). The same method was used to find the ring spacing
of the cell marker.

Once the ring spacing of the particle and cell marker were deter-
mined, a template image was generated in the form of Eq. (7). The
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Fig. 1 Plot of experimental radial distribution function [I(r) vs r].

Fig. 2 Surface plot of 32 ×× 32 central pixels of the cross-correlation
function.

size of the template was limited to approximately the region within
half the radius of the particle or cell marker. Ideally, the template
represents the pattern of rings as it would appear if the noise, which
is not circularly symmetric, were averaged out.

During a typical experiment, batches of 70 or more images of
a single tethered particle were recorded, all having the same ring
spacing. Therefore, we determined the average ring spacing for four
sample images, generated the template corresponding to this ring
spacing, and used the template to analyze every image in the batch.
The images were analyzed by extracting a square region of interest
near the center of the particle shadow to make a source image equal
in size to the template, then computing the cross correlation X of
the source S and template T according to Eq. (9):

X = Real{	−1(	T · 	S)} (9)

The maximum of the cross correlation (Fig. 2) corresponds to
the position where the template best overlaps the source image and
should also correspond to the true center of the particle.

The particle and cell positions or amplitudes must be determined
with an accuracy of 5μm. It would be beneficial to do better than this,
say, 1–2 μm. Because the pixels are 9 μm in length, we developed
an interpolation procedure to locate the cross-correlation peak to
subpixel resolution. The procedure extracts two five-pixel arrays,

Fig. 3 Re(η) vs S for particles at three different relative densities:
—— curves, predicted response with history effects; and - - - - curves,
response without history effects.

one vertical and the other horizontal, centered about the pixel with
the maximum correlation value. The correlation intensities of each
five-pixel array were then plotted vs position and fit by a parabola.
The vertices of the parabola correspond to the coordinates of the
cross-correlation peak.

We tested the program by constructing synthetic images of a par-
ticle upon a noisy background, where the particle center was known.
The program was able to locate the center of the particles to within
0.1 pixel or better. In another test, we used a micrometer to displace
a fixed particle by amounts ranging from 88 to 108 μm. Compar-
ison between the mechanically measured and optically measured
displacement confirmed that the particle could be located to a pre-
cision of at least 0.1 pixel, or 1 μm.

IV. Results
A. Experiments at Low Reynolds Number

Figure 3 shows a plot of the experimentally measured particle re-
sponse Re(η) vs dimensionless frequency for polypropylene parti-
cles in krytox (α = 2.1), magnesium alloy particles in Krytox + DFP
(α = 1.0), and brass particles in mineral oil (α = 0.1). Two different-
sized polypropylene particles were used, one with a radius of
1.00 mm and the other with a radius of 1.98 mm. Two different-
sized brass particles were used, one with a radius of 1.59 mm and
the other with a radius of 1.98 mm. The magnesium particle had a
radius of 1.00 mm. The uncertainty bars in the figure represent the
95% confidence limit.

Also shown on the figure are the theoretically predicted response
curves with the history term included (solid bold curves) and ne-
glected (thin dashed curves). For both the heavy and light particles,
the data closely match the theoretically predicted response curves
where history effects are included, and the experimental uncertainty
is much less than the difference between the history and no-history
effect curves. In the case of α = 1 particles, the theory predicts a
response coefficient of η = 1 at all frequencies and that the history
drag has no effect.

B. Experiments at Higher Particle Reynolds Numbers
We investigated the effect of particle Reynolds number on the

response of heavy particles to cell motion by examining a 1.98-mm-
radius brass sphere in krytox (α = 0.22). The experiments were car-
ried out at a cell oscillation frequency of 14.9 Hz, at which frequency
the dimensionless frequency S = 1.02. The particle Reynolds num-
ber was varied by adjusting the cell amplitude Ac; the particle
Reynolds number can be determined from the cell amplitude and
magnitude of the displacement ratio, according to Eq. (10):

Rep = a|W |/ν = 9S Ac(1 − |η|)/a (10)
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a) Left extreme b) Right extreme

Fig. 4 Reconstructed image of tethered brass particle at two extreme positions.

Table 2 Results from a = 1.98-mm particle,
α= 0.22, oscillating at S = 1.02

Ac , μm Rep |η| φ, deg

317 0.78 0.471 −19
636 1.56 0.471 −19
907 2.22 0.473 −19
1322 3.23 0.474 −19

Table 3 Results from a = 1.98-mm particle,
α= 2.1, oscillating at S = 1.02

Ac , μm Rep |η| φ, deg

181 0.14 1.170 +6.4
375 0.30 1.173 +6.4
524 0.41 1.170 +6.4
782 0.62 1.170 +6.4
1060 0.84 1.170 +6.4
1347 1.06 1.169 +6.4

For this part of the investigation, we collected a series of images
at different phases of the cell motion so that Ap , Ac, η, and φ could
be measured directly. This was accomplished by leaving the shutter
open, setting the camera exposure time to 0.1 ms, and triggering the
camera by a pulse generator synchronized to the voice coil driver
signal. A series of 75 images were recorded at 3-s intervals with the
delay between the driver signal and the trigger pulse varied between
images; the delay was typically varied over a range covering two
periods of the cell oscillation. The disadvantage of this triggering
method is that the images are collected over a relatively long time
(about 3 min), so that the measured cell and particle positions must
be corrected to account for small low-frequency vibrations that cause
the cell zero position to drift. The positions of the test cell and particle
as a function of time delay were fit by sine waves to determine Ap ,
Ac, and φ.

The results for oscillation of the brass particle at four different
particle Reynolds numbers are given in Table 2. The results show
that |η| and φ are nearly constant over particle Reynolds numbers
ranging from 0.8 to 3.2. The results are very close to the theoret-
ically predicted values for S = 1.02 and α = 0.22 at low Reynolds
number, which are |η| = 0.474 and φ = −17 deg. If history effects
are neglected, the theory predicts |η| = 0.311 and φ = −12.5 deg.

We performed virtually the same experiment with a 1.98-mm
polypropylene particle in Krytox (α = 2.1) with Rep ranging from
0.14 to 1.06. The results are presented in Table 3. Once again, the
values of |η| and φ are nearly constant over the Rep range and

are close to the theoretically predicted values with history included
(|η| = 1.170 andφ = +6.1 deg), but very different from the predicted
values where history is neglected (|η| = 1.443 and φ = +8.5 deg).

C. Tether Effects
To examine the effects of tethers on the particle motion more

closely, we reconstructed images from the in-line holograms. The
digital reconstruction process is described in Ref. 16. Two recon-
structions of a tethered 1.98-mm-radius brass particle, one taken at
the left extreme of particle motion and the other at the right extreme,
are shown in Fig. 4. The images show that as the particle moves it
pivots about the tether attachment point. The result is that the par-
ticle rotates about 10 deg, while the tether swings through an angle
of about 3 deg. The effect is especially noticeable when the series
of images are animated.

The pivoting motion of the particle might explain some of the
discrepancies between the experimental data from brass particles
and the theoretical curves seen in Fig. 3. For both sizes of brass
particles, the difference between the experimental data and the the-
oretical curves increases as the cell frequency increases. Because the
velocity of the particle is proportional to the cell frequency, increas-
ing the oscillation frequency increases the particle velocity for a
fixed amplitude. The pivoting motion of the particle should increase
as the particle velocity increases. We did not observe this tether
effect in our experiments with tethered polypropylene particles.

V. Conclusions
In the foregoing, we have presented some results of a ground-

based experimental program that is designed to support the flight
experiment SHIVA. Using a tethered particle method to simulate
microgravity, we conducted a range of experiments, identified and
resolved what appear as the most challenging obstacles to a suc-
cessful experiment, and developed the necessary methods to meet
experiment goals.

The results show that the tethered particle method is a viable ex-
perimental method for ground experiments, and the data are largely
consistent with theoretical predictions provided that the particles
are not too small. The results also suggest that Tchen’s equation can
also apply for particle Reynolds numbers up to 3 for values of S of
order 1.
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